We discuss the four dimensional models obtained by compactifying a single M5 brane probing D N singularity (minimal D-type (1, 0) conformal matter in six dimensions) on a torus with flux for abelian subgroups of the SO(4N ) flavor symmetry. We derive the resulting quiver field theories in four dimensions by first compactifying on a circle and relating the flux to duality domain walls in five dimensions. This leads to novel N = 1 dualities in 4 dimensions which arise from distinct five dimensional realizations of the circle compactifications of the D-type conformal matter.
Introduction
The study of the dynamics of four dimensional supersymmetric quantum field theories has yielded examples of many interesting IR phenomena. These include, but are not limited to, symmetry enhancement, where the IR theory has a larger global symmetry than that expected from the UV description, and duality, where different UV descriptions flow to the same IR SCFT. Recently, with the advent of supersymmetric localization, we have increasingly more tools to conjecture and test examples of these phenomena via exact computation of various partition functions.
Having established such examples, a natural next step is to seek an organizing principle, from which all these phenomena arise naturally. One such a setup is to realize the 4d theory through the compactification of a 6d SCFT. As a simple example consider compactification of the (2, 0) theory on a torus leading to N = 4 super Yang-Mills in 4d. As is well known this 4d theory is conformal and has a 1 dimensional conformal manifold which in the compactification construction is realized as the complex structure of the torus. This space is spanned by a single complex variable τ defined in the upper half-plane. However, it is known that values of τ 's differing by a modular transformation in fact define the same torus and thus the same compactification. This imply that 4d theories whose value of the coupling constant, τ , differs by an SL(2, Z) transformation should define the same SCFT. This is the well known S-duality of N = 4 super Yang-Mills, which is a dynamical non-perturbative phenomena of the theory. Yet, we see that it can be easily motivated from the geometrical properties of tori, by realizing it as the torus compactification of a 6d theory.
This idea was later on extended to N = 2 theories by Gaiotto, by considering the compactification of the (2, 0) theory on more general Riemann surfaces [1] . The class of theories constructed in this way is known as class S theories, and this method has been used to better understand the landscape and dynamics of N = 2 theories. For instance it can be used to motivate Argyres-Seiberg [2] type dualities, and to construct various N = 2 SCFTs without a manifestly N = 2 preserving Lagrangian (the so called non-Lagrangian theories).
A natural next step then is to try and apply this to N = 1 theories. One way is to consider again compactifications of the (2, 0) theory, but now only preserving N = 1 supersymmetry. This leads to the so called N = 1 class S theories that have been studied by various people, see for example [3, 4] . However, we can also consider starting from less supersymmetric theories, particularly, 6d (1, 0) SCFTs. These are far more numerous than their (2, 0) cousins, and many also posses interesting global symmetries that can be exploited in the compactification, and further should lead to 4d theories inheriting these symmetries.
This also ties neatly to another recent development in the study of 6d SCFTs, leading to many interesting results about these theories. There has been an intensive study aimed at classification of (1, 0) SCFTs from both F-theory compactifications and UV completion of gauge theories [5] [6] [7] , which led to a better understanding of the spectrum of 6d SCFTs. There also has been work on studying the t' Hooft anomalies of (1, 0) SCFTs [8] , and we now have tools to compute them. Also studied is the compactification of (1, 0) SCFTs to 5d, where they may have a low-energy description as a 5d gauge theory [9] [10] [11] [12] [13] [14] . These recent developments set the stage for the study of the compactification of (1, 0) SCFTs to 4d, and will be employed in this article for that purpose.
At this point in time, the study of the compactification of (1, 0) SCFTs to 4d has already been undertaken for specific choices of (1, 0) SCFTs and Riemann surfaces [9, 11, 13, [15] [16] [17] [18] [19] [20] [21] . In this article we shall continue to expand the landscape of known compactifications of (1, 0) SCFTs to four dimensions. The specific case that we shall consider here is that of the minimal (D N +3 , D N +3 ) conformal matter compactified on a torus, or a sphere with two punctures, with fluxes in its global symmetry.
The method employed to determine the field theories is to first reduce to 5d where the theory has an effective description as a 5d gauge theory. In fact it has at least three different effective descriptions [12] , and in this paper we will study two of those three with the remaining one to be discussed in a companion paper [22] . The flux is then realized using a duality domain wall interpolating between two such descriptions. As the theory is compactified one direction is either a circle, in the case of the torus, or an interval, in the case of a two-punctered sphere, with boundary conditions at the two edges that play the role of the punctures. The resulting 4d theory can then be read off from the 5d bulk matter, compactified on intervals, and interacting through 4d fields living on the domain wall. This type of construction was successfully used to study [21] compactifications of the rank 1 E-string, and here we generalize it to the case of the minimal (D N +3 , D N +3 ) conformal matter. The E string is the first case in this set of models, the (D 4 , D 4 ) minimal conformal matter, with the SO(16) global symmetry enhancing to E 8 .
Once a conjecture for the 4d theory was generated using the 5d picture, we can put that conjecture to the test by performing various consistency checks. Notably, the 6d reduction leads to various predictions that should be satisfied by the 4d theory. The most direct of which are the global symmetries and its 't Hooft anomalies, which can be computed by integrating the 6d anomaly polynomial on the Riemann surface [3] . Moreover inequivalent realizations of the circle compactifications to 5d as well as moving the fluxes around lead to novel 4d duality predictions. We performed these checks on many of these theories, and in any case we considered the theories we find are in agreement with these conditions.
The structure of this article is as follows. We begin in section 2 by presenting the 6d SCFT known as the minimal (D N +3 , D N +3 ) conformal matter. In particular we review some of its properties that are relevant for the later sections. We also use the 6d anomaly polynomial to predict the anomalies of the 4d theories resulting from the compactification of this 6d SCFT on a Riemann surface. Section 3 is devoted to the five dimensional story. Here we consider first reducing the 6d SCFT to 5d and then employ the 5d low-energy gauge theory description to formulate a conjecture for the 4d theories. Section 4 deals with the four dimensional story. Here we study the theories conjectured in the previous section, and compare the results against the 6d expectations. Some aspects of the constructions are postponed to the appendices. In particular, there is an alternative way to think of the minimal (D N +3 , D N +3 ) conformal matter in such a way that is naturally generalizable to the non-minimal as well as more general cases. This is part of a much larger story that will be considered in a different publication [22] , but when applied to the case of the minimal (D N +3 , D N +3 ) conformal matter, it leads to other 4d field theories that should lead to dual descriptions of the same 4d SCFT. We discuss this aspect in appendix B.
Six dimensions
We start by describing several known facts about the 6d SCFT called the (D N +3 , D N +3 ) minimal conformal matter. First we shall start with how this theory is constructed. There are various different ways to construct this SCFT in string theory. One way is as a Z 2N −2 orbifold of the E-string theory [20] . Alternatively it can be realized as the theory living on a single M5-brane probing a C 2 /D N +3 singularity [6] . In F-theory, it can be constructed by a −1 curve decorated with a U Sp(2N −2) gauge group [5] . One interesting aspect of this theory is that it can be thought of as an orbifold of both the E-string theory and the theory living on a single M5-brane. Therefore, it is naturally related to both the orbifold generalizations of the (2, 0) theory and the E-string theory. In this article we shall mostly adopt the first viewpoint and think of it as a generalization of the E-string. However, the second viewpoint also exists and can be studied in a similar treatment, which we preform in a different publication [22] . Nevertheless, we shall remark in appendix B on some interesting dualities upon comparing the two approaches.
This SCFT has a one-dimensional tensor branch along a generic point of which the SCFT reduces to a U Sp(2N − 2) gauge theory with (2N + 6) flavors. This leads to another useful description of the SCFT as the 6d UV completion of this gauge theory. We shall mostly employ this description to uncover various properties of this SCFT though we should state that most of them can also be seen from the other perspectives as well. This is important to bear in mind as properties of the 6d SCFT and its related IR gauge theory may differ [16] .
The first important property we shall need is the global symmetry. From the gauge theory we can see that there is an SO(4N + 12) global symmetry. Another useful property to keep in mind is that the theory has a moduli space, the Higgs branch, associated with giving vevs to the hypermultiplets. Generic points on this initiates a flow that leads us from one value of N to lower values. Specifically one can break the U Sp(2N − 2) group entirely in this manner. However the theory then is not empty as one still has the tensor multiplet. The string theory construction suggests that the resulting theory is the rank one E string theory. This is one way in which one can see that the (D N +3 , D N +3 ) minimal conformal matter can be thought of as a generalization of the rank one E-string, which from the field theory viewpoint is done by the addition of vectors and hypermultiplets. We also note that the naive expected symmetry SO (16) in the E-string case is enhanced to E 8 . We shall later discuss the mechanism leading to this enhancement from the gauge theory viewpoint.
The 6d SCFT should then contain the conserved current of the SO(4N + 12) global symmetry. This is one important operator we observe already at the level of the gauge theory. There is one more interesting state, charged under the SO(4N + 12) global symmetry, that exists in the SCFT. The gauge theory contains non-perturbative excitations associated with instanton strings. These are massive at finite gauge coupling, but become massless at the origin of the tensor branch. This type of states is thought to play an important role in the UV completion. The gauge theory contains fermions, and these have zero modes in the instanton background which cause the instanton configuration to acquire flavor charges. From instanton counting one discovers that these instantons should then be in a chiral spinor of the SO(4N + 12) global symmetry. These lead to an additional BPS operator in the 6d SCFT that turns out to be a Higgs branch generator. Several aspects of the Higgs branch of this 6d SCFT, including the existence of this Higgs branch generator were discussed in [23] . We next review how this can be seen by compactifying the 6d SCFT to lower dimensions on circles.
Circle compactification to lower dimensions
We start with the compactification of this theory to five dimensions on a circle. This has been analyzed by various people in different contexts [9] [10] [11] [12] [13] , and here we collect some observations that will prove important later on. First we consider the problem of reduction to 5d on a circle with finite radius. We shall also allow turning on arbitrary holonomies for the SO(4N + 12) global symmetry, which correspond to additional mass parameters in the IR 5d theory. This problem was studied in [10, 12] , where it was found that this theory reduces to some 5d gauge theory. The 5d gauge theory is not unique and in fact there are at least three different possible 5d gauge theories one can obtain depending on the holonomies one turns on.
The two descriptions which will prove most useful to us in this paper have only a single 5d gauge group. One description is a 5d U Sp(2N ) gauge theory with 2N + 6 fundamental hypermultiplets while the other is a 5d SU (N + 1) 0 gauge theory (subscript denotes the Chern-Simons level which is 0) with 2N + 6 flavors. These only have one gauge group so they only involve one large mass that is identified with the coupling constant. From the reduction viewpoint, this mass is identified with the radius, possibly tuned with an holonomy. There is another description involving a quiver gauge theory, 4F +SU (2) N +4F . This involves N gauge couplings implying that we need at least N − 1 holonomies to reach it. This also explains why the global symmetry is quite broken in it. We will not discuss this description here however this is the description which is the easiest to generalize to ADE minimal conformal matter and we will address these general setups in a separate paper [22] .
We next want to consider taking the zero radius limit with no holonomy. This limit was studied in [11] , where it was found that the theory reduces to a 5d SCFT. It is convenient to allow mass deformations for this SCFT causing it to flow to an IR gauge theory. We can get at least three different IR gauge theories depending on the choice of mass deformations. These are related to the three different 5d descriptions of the 6d SCFT by integrating out a flavor 1 . For our considerations it will suffice to concentrate on one of them, U Sp(2N ) gauge theory with 2N + 5 flavors. It is interesting to study the BPS spectrum, particularly the Higgs branch chiral ring, of this theory as this can teach us about the operator spectrum of the original 6d SCFT. In our case, a detailed analysis of the Higgs branch was preformed in [25] primarily using the 3d mirror quiver one gets when compactifying the 5d SCFT to 3d. We next review some aspects of this analysis while referring the reader interested in more in depth study of the Higgs branch to the reference.
We can study the BPS spectrum of the 5d SCFT effectively using the 5d superconformal index [26] . One contribution we get comes from the hypermultiplets. Particularly the mesons are part of the SO(4N + 10) conserved current multiplet. Besides these there are no other independent invariants. Another important type of states are the instanton particles. These are non-perturbative excitations of the 5d gauge theory that become massless at the SCFT point. One important contributions of these operators is that they provide additional conserved currents that enhance the classically visible U (1) I × SO(4N + 10) global symmetry to SO(4N + 12) which is the symmetry of the 5d SCFT that is inherited from 6d. These are expected to come from two-instanton contribution [27] .
So we see that we get the SO(4N + 12) conserved current multiplet from the mesons, gaugino bilinear 2 and the two-instanton sector. This is identified with the reduction of the 6d conserved current multiplet, and naturally is in the adjoint of SO(4N + 12) and in the 3 of SU (2) R . There is one more important contribution coming from the 1-instanton sector. This provides a BPS operator in the spinor of SO(4N + 10). Together with the anti-instanton these form a chiral spinor of SO(4N + 12) that is in the N + 2 of SU (2) R . This state is naturally identified as coming from the contribution of the instanton strings of the 6d SCFT.
We can further compactify to 4d where the 5d SCFT reduces to an A-type class S theory. From here it is also straightforward to reduce to 3d where we have a Lagrangian mirror dual [28] . The specific dual for this case is shown in figure 1 . We first note that except the leftmost node, all other nodes are balanced. Thus from the results of [29] , we expect the symmetry on the Coulomb branch to enhance to SO(4N + 12) by monopole operators. These again match the 6d SO(4N + 12) conserved current multiplet. Next we turn to the unbalanced node. It too does contribute a monopole operator, but as it is unbalanced it won't be a conserved current. It is known that an unbalanced node would contribute a monopole operator in the
, and in the representation of the global symmetry corresponding to the node in the Dynkin diagram it is connected to. For the case at hand this means we have a monopole operator in the N + 2 of SU (2) R and in the chiral spinor of SO(4N + 12).
So we see from 6d, 5d and 3d perspectives that the basic operators charged under the SO(4N + 12) global symmetry are the conserved current, in the adjoint, and a Higgs branch generator in a chiral spinor. We do not appear to observe additional operators, particularly in 6d, but also in lower dimensions. Importantly we do not observe operators in the vector and the other chiral spinor. This means that there is no contradiction with the 6d SCFT global symmetry group being more precisely Spin(4N + 12)/Z 2 . Here we remind the reader that Spin(4N + 12) has a Z 2 × Z 2 center where each element acts as −1 on the vector and one of the chiral spinors. The Z 2 we mod by is the one not acting on the chiral spinor that appears in the SCFT. This will be important next when we discuss the reduction with fluxes.
6d expectations from the reduction In this section we shall discuss toroidal compactification of the (D, D) minimal conformal matter to 4d with fluxes under its global symmetry. Particularly we shall consider the computation of the anomalies of the resulting 4d theory from those of the mother 6d theory. For that we require the anomaly polynomial of the (D, D) conformal matter. This was computed in [8] . Alternatively it can be computed directly from the U Sp(2N − 2) gauge theory description on the tensor branch. Either way it is found to be:
We use the notation C 2 (R) for the second Chern class in the fundamental representation of the SU (2) R . We also employ the notation C n (G) R for the n-th Chern class of the global symmetry G, evaluated in the representation R (here V stands for vector), and p 1 (T ), p 2 (T ) for the first and second Pontryagin classes respectively.
Next we consider compactifying the theory on a torus with fluxes under U (1) subgroups of SO(4N + 12). For simplicity we shall only consider the case of flux to a single U (1) though the generalization to more U (1)'s is straightforward. A basis for such choices is given by 2N + 6 distinct U (1)'s inside SO(4N + 12). These are just given by the Cartan subalgebra of SO(4N + 12). To each U (1) we can associate a node in the Dynkin diagram of SO(4N + 12). Then for each node we get a different embedding of a U (1) inside SO(4N + 12) where the commutant of the U (1) in SO(4N + 12) is given by the Dynkin diagram one is left with after removing that node.
By examining the Dynkin diagram one sees that the possible embeddings preserve U (1)× SU (r) × SO(4N + 12 − 2r) for r = 1, 2, ..., 2N + 4 with r = 2N + 6 being special. The special thing in the r = 2N + 6 case is that there are two U (1)'s associated with this case. This choice corresponds to the U (1)'s associated with the spinor nodes in the Dynkin diagram and so appear twice. What distinguishes the two choices is how the spinors decompose under U (1) × SU (2N + 6). The group SO(4N + 12) has two inequivalent self-conjugate spinor representations, and under the embedding of U (1) × SU (2N + 6) ⊂ SO(4N + 12), one decomposes to all the even rank antisymmetric tensor representations of SU (2N + 6) while the other decomposes to all the odd rank ones. The two embeddings differ by which spinor decomposes to each choice. As we can exchange the two spinors by an outer-automorphism transformation on the generators of SO(4N +12), the two embedding truly differ if the theory is not invariant under this transformation. Here we note that in the previous section it was demonstrated that the (D, D) conformal matter 6d SCFT has a state in one of the chiral spinors of SO(4N + 12), but not the other. How this spinor decomposes under the global symmetry preserved by the flux differs between the two embeddings which in principle is distinguishable in the 4d theories. Therefore, we expect there to be two distinct flux choices, leading to distinct 4d theories, both preserving U (1) × SU (2N + 6). As we shall see later, this leads to some rather surprising expectations in 4d.
Here C 1 (U (1)) is the first Chern class of the U (1), normalized as in Appendix C. Using this we can next compute the anomalies of the resulting 4d theories.
Before moving on to the anomaly calculation, we wish to introduce a flux basis. Fluxes can be associated with vectors on the root lattice so a basis of the root lattice can be used as a basis for fluxes. For the case of SO(4N +12) this is simply given by a 2N +6 vector built from the roots of SO(4N +12), which are given by: (±1, ±1, 0, 0, 0, ...)+permutations. In this basis a convenient choice to represent the fluxes we introduced is given by ( r ±z, ±z, ..., ±z, 0, 0, ..., 0), where there are other choices related by Weyl transformations. The U (1)'s associated with the spinor nodes are both given by r = 2N + 6, but differ in whether the number of minus signs is even or odd.
We expect that a flux is consistent if and only if it can be written as a sum of the roots of SO(4N + 12) with integer coefficients 4 . As a result, if r is odd then z must be even as one cannot build the z odd vector using the SO(4N + 12) root vectors. This is related to the difference in the quantization condition between r even and odd noted in Appendix C. It should be noted that the issue of flux quantization can be quite subtle due to the potential non-triviality of the global symmetry. Particularly, the 'only if' part in the initial statement would be true if the group was Spin(4N + 12). However, if the group is Spin(4N + 12)/Z 2 then some apparently disallowed fluxes are possible as the states that made them inconsistent do not exist. For instant the flux associated with the spinor node whose associated spinor is in Spin(4N + 12)/Z 2 can have half-integer z. So, if we chose to associate it with the case of even number of minus signs, then the flux (
2 ) is consistent.
Anomalies with flux
Next we can consider compactifying the 6d theory on a Riemann surface Σ with flux under the U (1), that is Σ C 1 (U (1)) = −z where z is an integer. For simplicity let us concentrate on the case where Σ is a torus. As the torus is flat we do not need to twist to preserve SUSY. However, SUSY is still broken down to N = 1 in 4d by the flux. The 4d theory inherits a natural U (1) R R-symmetry from the Cartan of the SU (2) R though this in general is not the superconformal R-symmetry. Under the embedding of U (1) R ⊂ SU (2) R , the characteristic classes decompose as: C 2 (R) = −C 2 1 (U (1) R ). Next we need to decompose SO(4N + 12) to the subgroup preserved by the flux, done in (2.2). Finally we set:
The first term is the flux on the Riemann surface, where we use t for a unit flux two form on Σ, that is Σ t = 1. The second term takes into account possible mixing of the 4d global U (1) with the superconformal R-symmetry, where is a parameter to be determined via a-maximization. Finally the third term is the 4d curvature of the U (1).
Next we plug these decompositions into (2.1) and integrate over the Riemann surface. This yields the 4d anomaly polynomial six form. From it we can read off the anomalies and find:
Here U (1) R refers to the 6d R-symmetry. From this we can evaluate a and determine . We find that:
Using this we can evaluate a and c:
As previously mentioned, for r = 2N + 6 there are two distinct choices of the embedding differing by how the spinor in the theory decomposes. However, the anomalies are indifferent to this distinction. Therefore, this suggests that there should be two distinct 4d theories with the same anomalies, but with slight differences in their matter spectrum.
Five dimensions
As discussed in the previous section, circle compactifications of the 6d (D, D) conformal matter lead to at least three different 5d gauge theories. In this section we study these 5d gauge theories when various fluxes are turned on under the compactifications. The 6d fluxes naturally reduce to domain wall configurations in the 5d gauge theories [21] . We will call this type of domain walls as 'flux domain walls'. We shall construct Lagrangians of such domain walls coupled to the 5d systems that realize various fluxes along the global symmetry of the 6d (D, D) conformal matter theory.
We split the 5d spacetime into two chambers and consider half-BPS interfaces interpolating between the two. Each chamber hosts a 5d gauge theory which is one of the three gauge theories from the 6d (D, D) conformal matter possibly with different flavor holonomies. Two gauge theories and their boundary conditions will be connected by extra 4d degrees of freedom and superpotentials at the interface. When we properly choose the 4d fields in the domain wall as well as the 5d boundary conditions of the bulk 5d gauge theories and couple them through certain superpotentials, this domain wall can implement the flux domain wall of the 6d conformal matter theory.
An interesting domain wall in the 5d reduction of the 6d (D N +3 , D N +3 ) conformal matter was studied in [30] . This domain wall glues together the U Sp(2N ) gauge theory on one side to the SU (N + 1) gauge theory on the other side. This domain wall is called 'duality domain wall' as it interpolates between two dual gauge theories. This type of domain wall exists for any number of flavors, but we will focus on the cases with N f = 2N + 6 fundamental flavors in both gauge theories. This domain wall is a higher rank N > 1 generalization of the flux domain wall in the 5d E-string theory. When N = 1 this domain wall implements a basic flavor flux in the 6d (D 4 , D 4 ) conformal matter theory (or 6d E-sting theory) as noted in [21] . Similarly, we conjecture that the rank N duality domain wall with N f = 2N + 6 is a flux domain wall of the (D N +3 , D N +3 ) conformal matter theory. More precisely, this domain wall corresponds to 1/4 flux which breaks the SO(4N + 12) global symmetry down to U (1) × SU (2N + 6) symmetry.
Let us briefly review the construction of the duality domain wall between two gauge theories of U Sp(2N ) and SU (N + 1) gauge groups in [30] . We will consider a 1/2 BPS interface located at x 4 = 0 along one of the spacial directions. We put the U Sp(2N ) gauge theory in the left chamber and the SU (N + 1) gauge theory in the right chamber. These gauge theories should satisfy 1/2 BPS boundary conditions at the interface. For the vector multiplets, we will choose Neumann boundary condition which sets the gauge field as
The boundary condition for the hypermultiplets is more involved. First, in the U Sp(2N ) gauge theory there are 2N +6 fundamental hypermultiplets, (X, Y † ) i (i = 1, · · · 2N +6) where X i and Y i are the fundamental chiral fields in the i-th hypermultiplet. For each U Sp(2N ) fundamental hypermultiplet, we have two choices of boundary conditions as either
We will denote this boundary condition by a sign vector (±, ±, · · · , ±) where + or − at the i-th entry stands for the first or the second boundary condition for the i-th hypermultiplet. So we have 2 2N +6 different boundary condition choices for the U Sp(2N ) hypermultiplets. Each choice preserves a different U (1) × SU (2N + 6) subgroup of the global symmetry. On the other hand, the SU (N + 1) gauge theory has only two different choices of 1/2 BPS boundary conditions. As we want to preserve U (1)×SU (2N +6) global symmetry, we should choose the same boundary condition for all the hypermultiplets. We thus have the boundary condition for the SU (N + 1) hypermultiplets as
We will collectively call the chiral fields surviving at the interfaces as M and M for the U Sp(2N ) and SU (N + 1) matters respectively. The bulk 5d boundary conditions couple to the 4d boundary degrees of freedom at the interface such that the entire 5d/4d coupled system preserves 4 real supersymmetries or 4d N = 1 supersymmetry. Since we give Neumann boundary conditions for the vector multiplets, the boundary 4d system has U Sp(2N ) × SU (N + 1) gauge symmetry. We will introduce a bi-fundamental chiral multiplet q of U Sp(2N ) and SU (N + 1) gauge groups and an antisymmetric chiral multiplet A of the SU (N + 1) gauge group. We then couple these 4d fields to the 5d boundary conditions through the following 4d superpotentials:
where dot · denotes the contraction of the gauge and flavor indices in an appropriate manner. This configuration provides a consistent 5d/4d coupled system. At the 4d interface, the SU (N + 1) gauge theory has in general cubic gauge anomaly of N + 3 unit arising from the 2N + 6 chiral multiplets with the Neumann boundary condition. This cubic anomaly is canceled by the 4d boundary chiral fields q and A which contribute in total −2N + (N − 3) = −N − 3 to the cubic anomaly. As an anomaly free 5d/4d configuration, the above domain wall can naturally interpolate between the U Sp(2N ) gauge theory and the SU (N + 1) gauge theory coming from the 6d conformal matter theory on a circle. There are three gauge anomaly free abelian symmetries. One is the 6d U (1) R ⊂ SU (2) R R-symmetry under which the bulk 5d fields X and Y transforms with charge +1. The 4d chiral fields q and A carry the U (1) R charge 0 and +2 respectively. The gauge-U (1) R mixed anomaly coming from q and A is canceled by the contributions from the 5d vector multiplets with Neumann boundary conditions, while X, Y do not contribute to this anomaly. Another abelian symmetry is the flavor U (1) x symmetry acting on the fields (M, M , q, A) with charges (1,
This anomaly free U (1) x symmetry can in principle mix with the U (1) R R-symmetry. The true R-symmetry of the low energy theory in the presence of the domain wall will be determined by a-maximization. The last abelian symmetry is the 6d Kaluza-Klein (KK) symmetry. This symmetry remains unbroken even in the domain wall background by mixing with other abelian symmetries acting on the boundary fields. Under the 4d reduction which we will discuss below, this KK symmetry will become an extra 4d global symmetry when compactified on a finite size interval or will be broken when compactified on a torus.
So far we discussed the duality domain wall in [30] connecting the U Sp(2N ) and the SU (N + 1) gauge theories. The construction of the domain wall involves as described above the 5d boundary conditions, the extra 4d degrees of freedom, and the superpotential couplings. We claim that this domain wall, which is drawn in Figure 2a , is the basic flux domain wall 4 ). When there is only a single flux wall, all different choices of the boundary conditions for the hypermultiplets can be set to give the same flux by the Weyl symmetry of the SO(4N + 12) bulk global symmetry. Note that this domain wall when N = 1 reduces to the basic flux domain wall in the 5d E-string theory in [21] .
We can carry out a simple but non-trivial check for this flux domain wall using a 4d reduction of this 5d/4d system. Basically, we will check that the 4d reduction of this system has the desired 't Hooft anomalies for being the 4d reduction of 6d (D, D) conformal matter theory with fluxes. We first put this system in an interval −L ≤ x 4 ≤ L. In low energy below 1 L , this system effectively reduces to a 4d theory. From our 5d Lagrangian description of the domain wall, we can deduce the 4d Lagrangian of the 6d (D, D) conformal matter theory put on a tube (or a two punctured sphere) with fluxes. The boundary conditions at x 4 = −L and x 4 = L define the punctures at both ends of the tube. We will choose the boundary conditions such that all chiral fields of 5d hypermultiplets with Neumann boundary condition at the domain wall (at x 4 = 0) also satisfy Neumann boundary condition at both ends. The vector multiplets however are chosen to satisfy Dirichlet boundary condition at two ends of the tube. This truncates the 5d bulk gauge fields at the end of the each chamber, so the 5d gauge symmetries become non-dynamical global symmetries which we regard as global symmetries assigned to two punctures. The U Sp(2N ) − SU (N+1) system with a basic flux domain wall then gives rise to a 4d Wess-Zumino type theory drawn in Figure 2a with U Sp(2N ) × SU (N +1) global symmetries for the two punctures.
We claim the theory in Figure 2a is the 4d reduction of 6d (D, D) conformal matter with flux 1 4 on a tube with U Sp(2N )×SU (N+1) puncture symmetries. Let us check this proposal by comparing 't Hooft anomalies of this theory against direct computations from the 6d theory. When we know a 5d Lagrangian description of a 6d theory, the 4d 't Hooft anomalies when compactified on a tube can be computed directly from the 6d anomaly polynomial together with anomaly inflow contributions coming from the 5d boundary conditions. See [21] for detailed discussions. This computation does not rely on explicit Lagrangian descriptions of the 4d reduction. Integrating out the 6d anomaly polynomial (2.1) on a tube with 1/4 flux, we find the following 't Hooft anomalies:
(3.5)
In addition, the 5d boundary conditions at both ends of the tube induce anomaly inflow contributions given by
Combining (3.5) and (3.6), the result perfectly agree with 't Hooft anomalies of the 4d tube theory we proposed above. This provides a non-trivial evidence for our conjecture of the 4d tube theory and therefore for our flux domain wall conjecture given in Figure 2a . Domain walls for other general fluxes can be constructed by combining more than one basic domain wall with appropriate boundary conditions. We shall now explain how to connect two domain walls, which will be enough to construct general domain walls. Suppose we locate two domain walls at x 4 = t 1 and x 4 = t 2 with −L < t 1 < t 2 < L. This splits the 5d spacetime into three chambers. Each chamber hosts either a SU (N + 1) gauge theory or a U Sp(2N ) gauge theory with 2N + 6 hypermultiplets. The 5d gauge theories in these three chambers are glued by two interfaces.
The boundary condition at each domain wall is the same as that of the single domain wall case: Neumann boundary conditions for vector multiplets and 1/2 BPS boundary conditions (3.2) or (3.3) for hypermultiplets. The 5d boundary condition couples the 4d chiral multiplets q, A and q , A in the first and the second interfaces respectively with cubic superpotentials as we discussed. The theory in the second chamber lives in a finite interval with two boundaries. Thus, at low energy, the 5d theory in the second chamber reduces to a 4d gauge theory. The hypermultiplets in the second chamber can have different boundary conditions at the two ends t 1 and t 2 . When a hypermultiplet satisfies the same boundary conditions at both ends, it produces a 4d chiral multiplet coupled to the 4d gauge theory in the interval. On the other hand, a hypermultiplet obeying different boundary conditions at both ends becomes massive and will be integrated out at low energy. Integrating out this massive hypermultiplet at the end will induce a quartic superpotential between the chiral fields coupled to this hypermultiplet. This procedure defines our gluing rule between two or more flux domain walls.
The total flux of these two domain walls is determined by the boundary conditions of the hypermultiplets in the second chamber. A domain wall turns on + For the first configuration, we choose the boundary condition (+, +, · · · , +) for both U Sp(2N ) theories and X i = 0 (all i) for the SU (N +1) theory at two interfaces. This boundary condition couples to the 4d boundary chiral fields q, A and q , A . We will eventually obtain a flux domain wall configuration depicted in Figure 3a . This theory has two cubic superpotentials for each loop in the quiver diagram and another two cubic superpotentials of the form q 2 A and q 2 A for the anti-symmetric 4d matters. The SU (N + 1) gauge theory in the second chamber reduces to a 4d theory at low energy E (t 1 − t 2 ) −1 , and also the chiral halves of the 5d hypermultiplets satisfying Neumann boundary conditions at both boundaries become 4d chiral multiplets. In fact, we can regard this combination of two domain walls as a single domain wall coupled to the 4d SU (N + 1) gauge theory with chiral matter as shown in Figure  3a . This domain wall implements the flux ( On the other hand, the second configuration in (3.7) can be constructed with different boundary conditions. We choose (+, +, · · · , +) for the first U Sp(2N ) theory at x 4 = t 1 and (−, −, · · · , −) for the second U Sp(2N ) theory at x 4 = t 2 . The hypermultiplets in the middle chamber satisfy X = 0 at x 4 = t 1 and Y = 0 at x 4 = t 2 . Since the boundary conditions at the two ends are opposite, these hypermultiplets will be truncated at low energy while leaving a quartic superpotential of the form MM . This gives rise to a trivial interface with zero flux.
We now consider another type of two domain walls gluing SU (N +1) gauge theories in the first and the third chamber and U Sp(2N ) gauge theory in the second chamber. Without loss of generality we can set the boundary conditions of the hypermultiplets in the U Sp(2N ) theory at t 1 as (+, +, · · · , +). So the first domain wall introduces a flux ( the second chamber reduces to a 4d gauge theory with 2r fundamental chiral multiplets, say M , at low energy. These chiral multiplets come from the 5d hypermultiplets with Neumann boundary conditions at both ends. The number of chiral multiplets M should be even due to the Z 2 anomaly of the U Sp(2N ) gauge group [31] . The remaining 2N+ 6−2r hypermultiplets with opposite boundary conditions at the two ends are truncated in the IR. After all, this configuration reduces to the quiver diagram in Figure 3b . Here, two SU (N + 1) symmetries are gauged by the 5d bulk gauge couplings. The domain wall has cubic superpotentials as One interesting case is when r = 1. In this case, we can simplify the quiver gauge theory on the domain wall using a known 4d duality. We can perform Intriligator-Pouliot duality [32] on the U Sp(2N ) gauge theory in the second chamber. This leads to a rather simple Wess-Zumino type domain wall theory given in Figure 2b . This is a flux domain wall with flux ( Generalization to more than two domain walls is straightforward. We just consider a concatenation of different 5d gauge theories in several chambers connected by our flux domain walls discussed in this section. When we glue the two 5d theories we apply the above gluing rules, which include 5d boundary conditions, 4d chiral fields, and 4d superpotentials, at each interface such that the whole 5d/4d coupled system is consistent. The corresponding flux is automatically determined by the rules above. The total flux of the full 5d/4d system is the sum over fluxes of individual domain walls. We expect that each configuration realizes a 5d reduction of the 6d conformal matter theory with (generically different) flux. We note that the 6d flux does not depend on its location along x 4 direction. This suggests that there will be a large number of dualities between different domain wall configurations which give rise to the same total flux up to a Weyl transformation of the global symmetry. Under 4d reduction which we will study in the next section, the 5d domain wall dualities reduce to dualities between 4d N = 1 theories.
By putting the 5d systems with domain walls on an interval, we can obtain 4d Lagrangian theories of the 6d (D, D) conformal matter theory compactified on a tube with general fluxes. For this we will give boundary conditions of the 5d theories at two ends of the interval appropriately and take the low energy limit. We choose Dirichlet boundary conditions for the vector multiplets. For the hypermultiplets, we give the 1/2 BPS boundary conditions such that chiral halves of the hypermultiplets survive in the first and the last chambers. This yields a 4d reduction of the 6d conformal matter with flux at low energy. The flux of the 4d theory is the same as the total flux of the domain walls. The 1/2 BPS boundary conditions define punctures at two ends of the interval. The puncture defined by this boundary condition hosts either U Sp(2N ) or SU (N + 1) global symmetry. We can also construct 4d theories of the 6d theory on a torus. We can glue the two ends of a tube by using the same gluing rules which we used to connect two or more domain walls. This will give rise to a 5d theory on a circle with flux domain walls. At low energy this theory reduces to a 4d Lagrangian theory corresponding to the 6d (D, D) conformal matter on a torus with flux. In the next section, we will extensively test the 4d theories obtained from the 5d theories with flux domain walls compactified on an interval or a circle.
Four dimensions
We begin by studying the basic tube theory, which we associate with a sphere with two punctures and flux (2N + 6) , where the spinor appearing in the 6d SCFT decomposes as the S spinor as defined in Appendix C. As argued in the previous section, the theory is just the collection of free fields with a superpotential shown in figure 4 (a) .
The tube has SU (N + 1), U Sp(2N ) and SU (2N + 6) global symmetries. It also has a U (1) that remains unbroken when tubes are connected that we identify with the flux U (1). The SU (2N + 6) is identified with the internal symmetry while the SU (N + 1) and U Sp(2N ) are associated with the two punctures. This implies that the two punctures are completely different, though have same rank, as the symmetries are not subgroups of one another. They arise as they are both 5d gauge groups that lift to the 6d (D, D) conformal matter SCFT. This seems to suggests that there are at least two distinct variants of maximal punctures in this class of theories. More generally for arbitrary 6d (1, 0) theory we expect there to be at least as many maximal punctures as inequivalent realizations of its 5d circle compactification.
There are chiral fields in the tube, denoted by M and M , that are charged only under the internal symmetries and puncture symmetries associated with one puncture. These play a role when we glue punctures as well as close them. We next consider gluing them. Inspired by the structure in 5d we postulate that gluing the punctures is done by identifying and gauging their associated symmetries and introducing fundamental 2N + 6 chiral fields, Φ, coupled via the superpotential M Φ + M Φ. Essentially the punctures are glued using half the matter content of the corresponding 5d gauge theory. Integrating out Φ would lead to identifying M and M which is natural from the 5d viewpoint discussed in the previous section. This happens when the boundary conditions on the two sides of the tube are the same. This is the . The arrow from the SU group to itself stands for an antisymmetric chiral field. There are cubic superpotentials for every triangle and for every antisymmetric chiral coupling it to two bifundamentals. The theory has an U (1) x × SU (2N + 6) global symmetry as well as a U (1) R symmetry. For the U (1) R it is convenient to use the 6d R-symmetry under which the bifundamentals have charge 0, the antisymmetrics have charge 2, and all the others have charge 1. The charges under U (1) x are shown using fugacities. version of Φ gluing for this theory [18] , where we glue punctures of the same sign together. We expect there to be also a version of S gluing [18] , we will discuss it in Appendix A.
We can now consider taking two tubes and connecting them together to form a torus. The resulting theory is shown in figure 4 (b) . We associate it with a compactification on a torus with flux 1 2 preserving SU (2N + 6). This is the smallest theory we can get that corresponds to a torus 5 . We next perform a variety of checks on this theory.
We first start by noting some of its properties. Besides the SU (2N + 6), it also has a single non-anomalous U (1) x , and a U (1) R symmetry, which can be identified with the Cartan of the 6d SU (2) R . Under this U (1) R the bifundamentals have charge 0, the antisymmetrics have charge 2, and all other fields have charge 1. This is identified with the 6d R-symmetry as T r(R) = T r(R 3 ) = 0. Therefore, the 4d global symmetry matches that expected from 6d.
Next we can compare anomalies. We have already noted that the 6d R-symmetry anomalies match. We next wish to check the other anomalies. By comparing the anomalies with the expressions (2.3)-(2.6) we find that these agree if we take z = − We next consider the dynamics of this theory. We begin by looking for the superconformal R-symmetry of this theory. It should be written as U (1) SC R = U (1) 6d R + αU (1) x . Performing 5 Naively, we cannot close the tube on itself since the two punctures are different. It should be noted that flux 1 4 can be accommodated if we allow central fluxes in SU (2N + 6). It is interesting if the associated 4d theory can be found.
a-maximization we find that:
as expected from (2.7) and the mapping of the symmetries. We can next analyze the flow to the IR and inquire what is the behavior of the theory at the deep IR. The first issue that arises is that computing the β functions one finds that the U Sp(2N ) group is asymptotically free, but the SU (N + 1) group is IR free. Therefore, naively we may expect the SU (N + 1) group to become free at the deep IR, but one has to be careful since the U Sp(2N ) group do flow to strong coupling where the behavior of the β function of the SU (N + 1) group may change.
To deal with this issue we consider first the same system, but without the N = 1 vector multiplet of the SU (N + 1) group, that is the same system in figure 4 (b) but with the SU (N + 1) ungauged. The analysis we performed changes in two ways. First we do not have the contribution of the vector multiplet. This shifts a, but does not affect the a-maximization.
The second change is that we are now no longer constrained by anomaly cancellation involving this SU (N + 1) group. Thus, in principle we may have new U (1)'s which can then mix with the R-symmetry changing the behavior of the flow. However, in this case we have no U (1)'s consistent with the superpotential and U Sp(2N ) anomaly cancellation so we conclude that the mixing for this theory is still given by (4.1). Now we note the following observations. First one can see that all gauge invariant operators are above the unitary bound. Thus, it is plausible that this theory flows to an SCFT in the IR. We note that T r(U (1) SC R SU (N + 1) 2 ) = −(N + 1) so gauging the SU (N + 1) does not break U (1) SC R implying that it is a conformal gauging. We expect that gauging the SU (N + 1) will give a new SCFT. We identify this SCFT with the IR theory that the quiver in figure 4 (b) flows to.
We next wish to explore the operator spectrum of this theory. Naturally it will be difficult to do so for any N . However we shall first present our expectations based on 6d reasoning and then compare them against the field theory. Finally we shall analyze a specific example, N = 2, in detail using the superconformal index.
So first we ask what operators do we expect from 6d. As discussed in section 2, the 6d SCFT contains two basic operators charged under the 6d global symmetry, one in the adjoint and the other in the spinor. Naively we expect that these should contribute operators in the 4d theory. We can easily read off their charges. First, as U (1) 6d R is just the Cartan of SU (2) R , the operators coming from the adjoint of SO(4N + 12) should have the non conformal (six dimensional) R charge two in four dimensions, while those coming from the spinor should get R charge N + 1.
Their charges under the global symmetry could also be read off by decomposing the SO(4N + 12) into their U (1) × SU (2N + 6) representations as given in the Appendix A. As previously mentioned when decomposing the 6d spinor state we have two different choices. These lead to a different operator spectrum in 4d. We shall now argue by studying the spectrum of the 4d theory that the spinor here decomposes like the S spinor decomposition as stated in Appendix C 6 .
But first let us consider the states in the adjoint of SO(4N + 12). These should give as operators in the adjoint of SU (2N + 6), as well as ones in the antisymmetric. The adjoint SU (2N + 6) operators just come from the triangle, that is the invariant made from a U Sp flavor, an SU flavor and a bifundamental. These are in the singlet and adjoint of SU (2N + 6) and are marginal operators in the 4d theory.
We can also have an invariant made from two flavors of the U Sp group. This is a marginal operator under the 6d R-symmetry, but not under the superconformal one as it is charged under U (1) x . We can get another operator, marginal under the 6d R-symmetry, but with opposite charges, from the invariant made from two SU (N + 1) flavors and two bifundamentals. These two operators form the"off-diagonal" parts in the decomposition of the SU (2N + 6) adjoint.
More invariants that can be built are baryons made just from SU (N + 1) flavors and antisymmetrics. Particularly we can consider an invariant made from k antisymmetrics and N + 1 − 2k flavors. One can see that all of these have 6d R-charge N + 1, U (1) x charge 2(N + 1)(k + 1), and in the rank N + 5 + 2k antisymmetric representation of SU (2N + 6). These precisely form the representations appearing in the decomposition of the spinor with positive U (1) x charge. We can also use the anti-fundamental of SU (N + 1), constructed from a U Sp flavor and a bifundamental, and the anti-antisymmetric, constructed from two bifundamentals, and construct similar invariants. These give all the representations appearing in the decomposition of the spinor with negative U (1) x charge. The middle rank N + 3 antisymmetric representation appears to be absent.
So far we have identified states that can be linked to a 6d operator. However that identification has been crude. We next want to consider one example and study the superconformal index. We shall see that the observations made before appear also in the index. For our test case we take N = 2 which is the simplest case after the E-string. For the purpose of index calculations we shall use the R-symmetry
10 ≈ 0.03, this R-symmetry is close to the superconformal R-symmetry. We then find: . These are exactly the off-diagonal terms that appear in the decomposition of the adjoint. One can see that these contribute at order pq under the 6d R-charge. We also note that their number is given as 6 The two choices also differ by flux quantization, where only this choice allows half-integer flux without breaking the global symmetry. Here r is even so that the U Sp(2N ) gauge group is not anomalous. For bifundamentals between SU groups we adopted a double arrow notation indicating whether the field is in the fundamental or antifundamenal of each SU group. Like before the arrow from the SU group to itself stands for an antisymmetric chiral field. (a) The theory corresponding to a tube with flux z = − expected from [33] (see [21] Appendix E ). There are no terms at order pq which again agrees with the expectations of [33] .
We also have the operators x 12 (pq) which we can identify as coming from the 6d spinor state. These are precisely the lowest order operators that appear in the decomposition of the SO(20) spinor to SU (10). One can also see that under the 6d R-charge, they contribute at order (pq) 3 2 as expected. We do note that we do not see the 252, which is expected at order pq. Incidentally, the number of these operators, including the 252, is given also by the formula of [33] .
Generalized tubes
In this section we discuss tubes corresponding to flux under the U (1) breaking SO(4N +12) → U (1) × SU (r) × SO(4N + 12 − 2r) for r even. The relevant tubes are shown in figure 5 (a). We associate with these tubes flux z = − 1 2 , using the normalization conventions in Appendix C. The tubes have an SU (r) × SU (2N + 6 − r) non-abelian global symmetry, and two non-anomalous U (1)'s that remain after closing the tubes. We identify these with the U (1) × SU (r) × SO(4N + 12 − 2r) global symmetry expected from 6d.
The tubes also have two SU (N +1) global symmetries that we identify with the punctures. These tubes, thus, have two punctures of the same types. The bifundamentals connecting these puncture symmetries to the internal symmetries are identified with the fields M and M that play a role in the gluing.
We can consider taking two tubes and connecting them to form a torus with flux z = −1. The resulting theory is shown in figure 5 (b) . We associate this theory to a U (1) × SU (r) × SO(4N + 12 − 2r) preserving compactification on a torus with flux z = −1. The visible symmetries in the Lagrangian are SU (r) × SU (2N + 6 − r) × U (1) m × U (1) y . We also have an R-symmetry, identified with the Cartan of the 6d SU (2) R , with the fields charged as in the basic tube. The anomalies of this theory matches the ones computed from 6d with z = −1 if we identity U (1) = (N + 1)U (1) m and SO(4N
We next analyze some dynamical aspects of this theory, starting with the superconformal R-symmetry. It is not difficult to see that only U (1) m can mix with the 6d R-symmetry. Thus we set U (1) SC R = U (1) 6d R + αU (1) m , where we find:
as expected from (2.7). Like in the previous case we have the problem that the SU (N + 1) groups are IR free. However the U Sp(2N ) groups are asymptotically free in the range of r. It is therefore possible that the flow of the SU (N + 1) groups is changed along the flow of the U Sp(2N ) groups. We can test this in a similar way as in the previous case. Here we further have the complication that there are quartic superpotentials that are irrelevant in the UV. We shall first ignore this issue and then return to it later.
We consider the theory where the SU (N + 1) groups are global symmetries and inquire where such a theory flows to. One can show that relaxing the anomaly cancellation condition of the two SU (N + 1) groups, we have an additional U (1) rotating the two SU (N + 1) × SU (2N + 6 − r) bifundamentals with opposite charges. This U (1) does not mix with the R-symmetry so the theory still has mixing given by (4.3) . Particularly compared to that Rsymmetry the SU (N + 1) groups have zero β function and so gauging them does not initiates a flow.
This leaves the question of the nature of the theory we flow to. Examining the operators dimension we find that for r ≥ N + 1 all gauge invariant operators appear to be above the unitary bound so an SCFT is plausible. However, when r < N + 1 the U Sp(2N ) mesons go below the unitary bound. This can be attributed to the fact that the conformal window for a U Sp(2N ) gauge theory with 2N f fundamental chiral fields ends when N f < 3(N +1) 2
. We can then perform Intriligator-Pouliot duality [32] to get to a description with IR free U Sp(r − 2) groups shown in figure 6 . Recall that the theory has a superpotential coupling the SU (N + 1) antisymmeric and SU (r) bifundamental to the U Sp(2N ) mesons. After the duality where the mesons get promoted to basic fields, these become mass terms, and many of these fields get integrated out. After the dust settles we find that the SU (N + 1) groups sees 2N + r + 2 effective flavors. Thus, for r ≥ N + 1, the SU (N + 1) are IR free and the U Sp(r − 2) group Figure 6 : The theory we get after performing Intriligator-Pouliot duality on the two U Sp groups in the theory in figure 5 (b) . Here the groups with r − 2 are of type U Sp and the various fugacities are related as stated in figure 5 .
asymptotically free exactly like the dual description. However when r < N + 1 the groups reverse roles in this description: the U Sp(r − 2) groups become IR free while the SU (N + 1) groups become asymptotically free. This means that gauging the SU (N + 1) groups is a relevant deformation in this range and will initiate a flow that may change the behavior of the U Sp groups.
We can proceed to analyze this theory in a somewhat similar manner. We first start by ungauging the U Sp groups. In this case we do not get any new symmetries so the theory flows as before. As noted when r < N +1 some operators hit the unitary bound. In this description these are the SU (r) antisymmetric chiral fields that flip some of the U Sp(r − 2) mesons. It is thus likely that these decouple and become free fields in the IR. We can proceed and try to analyze the theory while treating these fields as free. The result of the a maximization will now be different and in general is quite ugly. To simplify we can check some special cases. For instance in the first non-trivial case, r = N , we explicitly evaluated the R-symmetry, under the assumption that only the SU (r) antisymmetric chiral fields become free, and we have not found operators violating the unitary bound. Therefore, at least for one case it is plausible that the theory flows to an SCFT plus free fields. In general we expect that as r decreases the dimension of operators decreases and that other operators may hit the unitary bound. We have thus also checked the r = 4 case, where we again do not find any unitary bound violating operators.
The r = 2 case is somewhat special as in this case we do not have U Sp gauge groups in the dual description, and the dual theory simplifies to the theory in figure 7 . Now there are no IR free groups, but there is an irrelevant superpotential of the form F L B N F R associated with the lower triangle, as well as the irrelevant flipping superpotential. The later appears to stay irrelevant along the flow as the two flipping fields go below the unitary bound suggesting that Figure 7 : The theory we get after performing Intriligator-Pouliot duality on the two U Sp groups in the theory in figure 5 (b) when r = 2. Here there is a cubic superpotential along the upper triangle and an order N + 2 along the lower triangle. Additionally there are two singlet fields that flip the baryons made from the bifundamentals, which is represented by the 'X' drawn on the bifundamentals lines. they actually decouple in the IR. The former, however, appears to be marginal as turning it off does not lead to additional symmetries that can mix with the R-symmetry. We do gain an extra SU (2) symmetry that should appear as an accidental symmetry at some point on the conformal manifold. Since there are two bifundamentals, and so more than one such kind of superpotential, we expect that some of these marginal operators should be exactly marginal.
We can also consider analyzing the operator spectrum assuming only the flipping fields decouple. Again we do not find any other operator going below the unitary bound. So to conclude the discussion on the dynamics of these theories, we seem to find no contradiction with them flowing to an SCFT when r > N + 1 and to an SCFT plus r(r − 1) free fields when r ≤ N + 1.
Finally we return to the issue of the quartic superpotentials. We can attempt to address both these and the IR free gauge couplings by turning off these superpotentials in addition to ungauging the SU (N + 1) gauge groups. In this case we do get an additional U (1) that mixes with the R-symmetry so that the the SU (N + 1) × SU (2N + 6 − r) bifundamentals have free R-charge, as these become decoupled free fields once both the SU (N + 1) gauge couplings and superpotentials are turned off. We can again perform a maximization, while regarding the SU (N +1)×SU (2N +6−r) bifundamentals as free fields. The results are again quite messy so we shall not write them down. However, one can show that with respect to that R-symmetry either the superpotential is relevant and the gauging is irrelevant or vice verse, with the only exception being r = N + 1 where they are both marginal. It seems that when r > N + 1 the gauging is relevant while the superpotential is irrelevant, and vice verse for r < N + 1. Since turning any one of them breaks the additional U (1) that mixes with the R-symmetry, as long as one of them is relevant the theory should flow to the interacting SCFT with the mixing as in (4.3). The r < N + 1 is somewhat complicated by the fact that the some mesons of the U Sp(2N ) groups become free. In that case we have seen that the theory is easier to analyze from the dual frame where the SU (N + 1) groups are asymptotically free while the U Sp(2N ) groups are IR free. In that frame the quartic superpotential become cubic, and so we do not expect any modification from the results of the previous analysis. So to conclude, we see no indication that the quartic superpotentials decouple in a way that will modify the previous conclusion.
Next we want to analyze some aspects of the spectrum. Particularly we will look at the various BPS states in the theory and try to find states expected to match those in 6d. Naturally, this will be somewhat crude and we shall later try to study some cases more explicitly using the superconformal index. Nevertheless we shall see that there are operators one can naturally identify with those expected from 6d reasoning.
We expect to find 4d operators coming from both the 6d conserved current and the spinor state. Here the 6d global symmetry is U (1) × SU (r) × SO(4N + 12 − 2r) so we expect the index to form characters of SO(4N + 12 − 2r). Let's start with the conserved current multiplet. It should contribute operators with 6d R-charge 2 and with charges as worked out in Appendix A. We can indeed identify these in the 4d theory. and rank 2N + 6 − r − b antiymmetric of SU (2N + 6 − r). Here a and b run from 0 to N + 1 or r for a and 2N + 6 − r for b depending on which one is smaller. Also due to the constraint a + b + 2c = N + 1 the even or oddness of a and b are correlated. These states exactly match some of the states expected from the spinor. We also have the baryons from the left SU (N + 1) group, and the baryons made from the anti-antisymmetic, made from two U Sp(2N ) × SU (N + 1) bifundamentals, and antifundamentals we get from the U Sp(2N ) fundamentals and U Sp(2N ) × SU (N + 1) bifundamentals. The latter is forced to give the conjugate representations due to the chiral ring relations enforced by the superpotentials.
Finally we shall examine the superconformal index for some selected cases. We start with the case of N = 2, r = 8. From (4.3) we see that
For the purpose of index calculation we shall employ the R-symmetry U (1) 6d R − where we use χ[SU (2), SU (2) y , SU (8)] and 2 SU (2)y = y 3 + 1 y 3 . As can be seen from (4.4) the index can indeed be written in characters of the global symmetry expected from 6d, SU (2) × SU (2) y × SU (8) × U (1) m . Furthermore, all terms appearing in (4.4) have a natural 6d origin as expected from the reasonings of [33] (see also [21] Appendix E) and the branching rules in Appendix C. Specifically, the terms m 6 (pq) , 8] are the ones expected from the adjoint state, while the others are the ones expected from the spinor. We also note that the conserved current contributions exactly cancels against that of the marginal operators again in accordance with the 6d expectations.
We next consider the case of N = r = 2. This case is easiest to approach from the dual description in figure 7 . From (4.3) we see that
U (1) m . However, using this the two flipping fields have R-charges below the unitary bound so these must decouple. Preforming the a maximization again, under the assumption that these are free fields, we now find
With this R-symmertry all gauge invariant operators have R-charges above the unitary bound. We next proceed to evaluate the superconformal index. For that, it is convenient to work with the R-symmetry U (1) 6d R − 8) . Some of the operators appearing above have a 6d interpretation. Particularly the first term is the one expected from the 6d conserved current multiplet. This multiplet is also expected to give two singlets contributing as m 6 (pq) 1 4 , which are exactly the two flipping fields that we ignored in this calculation. We also have the term m 3 (pq) 9 8 χ[1, 128 ] which matches part of the contribution expected from the spinor. The U (1) m independent contribution from the spinor is not observed, similarly to as in the previous cases. The remaining terms are either product of lower operators or ones that have no immediate 6d origin. Here, unlike the previous cases, the conserved currents and marginal operators do not cancel exactly. Particularly we have a marginal operator in the 3 of the SU (2) that is not expected from 6d. As a result the structure of the conformal manifold deviates from the 6d expectations. This operator comes from the superpotential term involving two bifundamentals and one SU (3) × SU (2) flavor from each of the SU (3) gauge groups, where the SU (2) contraction is done symmetrically. As we have two bifundamentals there are three different choices for this superpotentials. Two are canceled against the conserved currents of the two SU (2) that would be there were the superpotentials turned off, leaving only the single contribution seen in the index. What we want to stress in this analysis is that this extra contribution is related to the existence of the two bifundamentals which is a property of the low flux and so is not generic and we expect the deviation with the 6d expectation to vanish once the flux increases.
Finally we wish to analyze a case where r = N + 1. Since r must be even, the simplest new case is N = 3, r = 4. This case is easiest to analyze from the dual picture in figure  6 , where the theory is manifestly free. We can evaluate the superconformal index for this theory. We note that here there are 12 fields, flipping the mesons of the global SU (4), that are decoupled. For simplicity we shall ignore them in the calculation. We find: 8) . We have performed the analysis up to order pq whose contribution is found to be vanishing.
Of the two states appearing in the index, the last one can be identified as coming from the 6d conserved currents. The other state is eliminated from the chiral ring by the singlets, which provide the second contribution coming from the 6d conserved currents.
We can consider gluing tubes with different flux together to obtain tubes with fluxes in more than single U (1). This amounts to splitting the internal symmetries in the appropriate manner. When glued together we can compute anomalies of the models and compare them with six dimensional compactifications on a torus. We do find agreement though the details become rather cumbersome. We just write down the tube in Figure 8 that it will be. One piece of evidence in favor of this is that such a vacuum expectation value, inthe presence of the superpotential, is not forbidden by symmetries. It would be interesting to understand whether it is actually turned on by instanton effects or not, and we conjecture for consistency of our picture that it is. This is also consistent with flux domain walls in the 5d theory discussed in Section 3. A puncture is defined by boundary conditions for the 5d hypermultiplets. Different boundary conditions define different puncture types. S gluing corresponds to a special gluing : gluing two punctures with opposite boundary condition (or opposite sign). The gluing in this case is performed by gauging the diagonal flavor symmetry of two puncture symmetries which are either SU (N + 1) or U Sp(2N ). The resulting gauge theory connecting two punctures can be considered as the 5d conformal matter theory with SU (N + 1) or U Sp(2N ) gauge group on an interval with opposite boundary condition for hypermultiplets at two ends. Due to the opposite boundary conditions, the 5d hypermultiplets become massive which can effectively be described by the superpotential M M above for a hypermultiplet Φ = (M, M ). This gluing for example occurs when we connect two domain walls with opposite flux like the second combination in (3.7) for SU (N + 1) or like when r = 0 for U Sp(2N ) in the second chamber of the flux wall configurations discussed in Section 3. When we put the 5d theory with this domain wall configuration on a tube, while preserving maximal puncture symmetry, the 5d theory reduces to the 4d tube model introduced above with either SU (N + 1) gauging or U Sp(2N ) gauging. Since two domain walls have opposite flux, the combination should give a trivial domain wall with zero flux. This implies the triviality of the 4d tube models with opposite flux in the 4d reduction.
Mathematically the equality of indices of T with the two tubes and T without them is due to the (A, C) and (C, A) inversion formulas of Spiridonov and Warnaar [34] . In the case of U Sp gauging the formula has a proof where in the case of SU gauging it was conjectured. Consistency of our picture is a physical motivation for such a conjecture to hold and it is related to the physical conjecture here of generating the vacuum expectation value by quantum effects.
B Affine quivers and duality taster
As we mentioned in the discussion of the reduction of the (D, D) conformal matter to five dimensions in addition to the SU and U Sp gauge theory description one can obtain a gauge theory with SU (2) N gauge theory. The quiver theory turns out to take the form of the affine Dynkin diagram of D N +3 7 . In fact this is the description which generalizes to (ADE, ADE) conformal matter and we will discuss this in detail in a forthcoming publication [22] . All these different descriptions can be used to construct theories corresponding to torus compactifications with flux. In particular with same value of flux they should give equivalent conformal field theories in four dimensions. Let us here discuss a particular example of such an equivalence with the details of the derivation and generalizations postponed to [22] .
The claim is that torus compactifications of (D N +3 , D N +3 ) minimal conformal matter with flux breaking the SO(4N + 12) symmetry to SO(2N + 10) × U (1) × SU (N + 1) can be obtained by gluing together the Wess-Zumino model of Figure 11 . This theory corresponds to flux of 1/(N + 1) in the U (1) direction. The gluing is performed by gauging the SU (2) N symmetry and adding bifundamental fields forming the affine Dynkin diagram of D N +3 , introducing bifundamental fields Φ i;i+1 for i = 1, ..., N − 1 and two fields in fundamental of the last (first) SU (2) and in fundamental of the first (second) SU (4). In plain words gluing is identifying the edges of two glued Wess-Zumino models. Let us consider constructing a torus with flux one. To do so we need to glue N + 1 copies of the Wess Zumino model, see Figure 12 . There are two different cases, when N is even and when N is odd. For N even some of the rank of the symmetry is broken and we need to combine 2(N + 1) copies to preserve all symmetry. In the case of N odd we preserve all symmetry 8 . Note that the symmetry one can see explicitly in the quiver is SU (4) × SU (4) × U (1) 2N . We claim that this symmetry enhances to U (1) × SO(2N + 10) × SU (N + 1). The 7 Naively the quiver appears to be linear and not shaped like a D type Dynkin diagram. However, when the nodes in the center of the diagram are SU (2) then the edge nodes need to be "SU (1)". From the study of brane webs and partition functions, it appears that these "SU (1)" factors should be interpreted as two fundamental hypermultiplets for the SU (2) they are connected to. Thus, the 4 flavors at the two ends play the role of the edge nodes. See section 2.2 in [10] , 1). The quadratic gauge singlets in a single R charge one bifundamental field build (N + 1, 2N + 10) . The operators stretching between the ends of the quiver build two copies of the spinor 2 N+4 . In the case of N = 3 the index is using the conformal R symmetry and standard definitions of the index, 1 + 2(6, 1)t −2 (pq) 
Here s L (s R ) parametrize the left (right) SU (4). We also want to mention a connection of the torus models to models obtained from M5 branes probing A type singularity which can be deduced by observing our results and comparing them to [15] . The statement will be that the models we find here, (D N +3 , D N +3 ) conformal matter on a torus with flux z for a particular U (1) symmetry with r = N + 1 is, up to flip fields, the same as two M5 branes probing Z (1+N )z singularity on sphere with two maximal and N + 1 minimal punctures. See Fig. 13 . It will be very interesting to understand whether there is an M/F theory explanation of such a relation.
C Branching Rules
In this Appendix we summarize some branching rules that are useful in the study of compatifications of conformal matter with flux. These will be for the group SO(4N + 12) which is the global symmetry of the SCFT. In what follows we shall write the decomposition of the vector, adjoint and two spinors. The adjoint and spinors are useful as they appear in the 6d SCFT. The vector decomposition is mostly convenient to derive the decomposition of the characteristic classes. Throughout this section we shall use the following notations for representations: V stands for the vector representation of an SO group, F, F for the fundamental and anti-fundamental representations of an SU group respectively, rank i AS for the antisymmetric representation of rank i, Ad for the adjoint representation, and S, C for the two spinors of a D 2n group. Note that the minimal charge here is normalized to 1 and it is in the vector and C spinor. In the adjoint and S spinor the minimal charge is 2. Since in 6d we have only an adjoint and one of the spinors, in one compactification, where the spinor we have in 6d decomposes as the S spinor, the flux can be half-integer without relying on fractional fluxes.
In the special case of N = 2, the complete decomposition is: For the generic case we have: Note that when r is even the spinors of SO(4N + 12 − 2r) are real and we have two distinct self conjugate spinors, but for r odd then C SO(4N +12−2r) = S SO(4N +12−2r) , which is reflected in the decomposition.
It is interesting to note that here there are states with charge 1 also in the adjoint. When r is even this is indeed the minimal charge. However when r is odd the minimal charge is 1 2 which appears in the spinor. Therefore, if we adopt the uniform charge normalization given by equation (C.9), then the flux is quantized so as to be half-integer, integer or even integer for the cases of U (1) × SU (2N + 6) with spinor decomposing like S, U (1) × SU (2N + 6) with spinor decomposing like C or r even and r odd, respectively.
Finally we shall write the decomposition for special cases that appear in this article. First for N = 2, we consider the closely related cases of r = 8 and r = 2. Here we have ordered the global symmetry as (SU (4), SO(16)) U (1) .
